Abstract. In this paper we prove first a general theorem on semiorthogonal decompositions in derived categories of coherent sheaves for flat families over a smooth base. We then show that the derived categories of coherent sheaves on flag varieties of classical type are generated by complete exceptional collections. Finally, we find complete exceptional collections in the derived categories of some homogeneous spaces of the symplectic groups of small rank.
Introduction
The study of derived categories of coherent sheaves on algebraic varieties dates back to the late 70's when A. Beilinson described the derived categories of projective spaces in [1] . Since then this field has experienced a great development that put it in the forefront of modern algebraic geometry. At the beginning of the 80's it was discovered that derived categories of coherent sheaves appeared in a variety of areas of mathematics: e.g., in representation theory of associative algebras, and in the study of moduli spaces, to name a few. Other links were found later, of which the homological mirror conjecture ( [10] ), and reinterpretation of the minimal model program in birational geometry in terms of semiorthogonal decompositions in derived categories ( [5] ) are, perhaps, the most important. Another profound connection between representations of semisimple Lie algebras in positive characteristic and the derived categories of coherent sheaves on Springer fibers of the Grothendieck-Springer resolutions of nilpotent cones -in particular, on homogeneous spaces -was established recently in [2] .
In fact, homogeneous spaces of semisimple Lie groups were the first varieties studied in the context of derived categories of coherent sheaves. Next to the paper [1] was a series of papers by M. Kapranov who developed substantially the approach from loc.cit.. His work culminated in the article [9] , where the derived categories of coherent sheaves on homogeneous spaces of Lie groups of type A n and on quadrics were described. Far back in the late 80's, these facts, together with other evidences, led experts to believe that the derived category of any homogeneous space has a description similar to that from [1] and [9] , i.e. that such a category is generated by an exceptional collection. More recently, the results of [4] indicate that derived categories of coherent sheaves on varieties admitting pavings by affine spaces (of which homogeneous spaces are a particular class) should have complete exceptional collections. Such collections are a very particular case of semiorthogonal decompositions. Over more than fifteen years, which have passed since the appearance of [9] , a great many powerful techniques were invented to study semiorthogonal decompositions in derived categories. Despite this, explicit complete exceptional collections on arbitrary homogeneous spaces of semisimple Lie groups remain an unsolved problem up-to-date.
We limit ourselves to indicating one source of our interest in these collections. As was shown by S. Mukai ([16] closely connected to homogeneous spaces. In particular, some of these threefolds can be obtained as linear sections of appropriate homogeneous spaces. It is important to construct semiorthogonal decompositions in the derived categories of prime Fano threefolds for a number of reasons; however, these categories are fairly complicated objects. A recent phenomenon, discovered and studied by A. Kuznetsov in a series of papers ( [11] , [12] , [13] ), is that semiorthogonal decompositions in the derived categories of linear sections of homogeneous spaces turned out to be intrinsically related to those in the derived categories of linear sections of projectively dual varieties. The approach developed in loc.cit. permits, in particular, to describe in a uniform way the derived categories of linear sections of some homogeneous spaces. To make it work one needs to know the structure of derived category of a homogeneous space one starts with.
In the present paper we take some further steps towards the problem of finding complete exceptional collections on homogeneous spaces. In Section 3 we prove Theorem 3.1 on semiorthogonal decompositions for flat families over a smooth scheme. The assumptions of Theorem 3.1, however, are restrictive enough and, as a consequence, this theorem does not cover such important case as flat families of quadrics. Happily, semiorthogonal decompositions for such families were thoroughly studied in a recent paper [13] . Relying mainly on the results of loc.cit., in Theorem 4.1 we show that the derived categories of flag varieties G/B, where G is a semisimple Lie group of classical type, are generated by exceptional collections. Note that Theorem 4.1 (for classical groups other than groups of type A n , which were treated in the paper [9] cited above) must have been known to experts for a long time; however, there were no references to this fact. In the final part of the paper we consider homogeneous spaces of the symplectic groups of small rank, and prove in Theorem 5.1 that the derived category of homogeneous space Sp 6 /P, where P corresponds to the middle node of the Dynkin diagram of type C 3 , has a complete exceptional collection. This gives, together with Theorem 3.1 and the main result of [19] , a complete description of the derived categories of homogeneous spaces of the group Sp 6 and of half a number of homogeneous spaces of the group Sp 8 . Note also that the homogeneous space Sp 6 /P in Theorem 5.1 is a smooth hyperplane section of the grassmannian Gr 2, 6 . Recently, the derived categories of hyperplane sections of the grassmannians Gr 2,2n for arbitrary n were treated independently by A. Kuznetsov in [14] .
Finally, let us remark that a totally different approach to the above problems, which is inspired by the work [2] , is discussed in a forthcoming paper [20] .
Notation
All schemes are assumed to be smooth over an algebraically closed field k of characteristic zero. For a proper scheme X let D b (X) denote the bounded derived category of coherent sheaves on X.
For an object E of D b (X) we denote E[n] the object E shifted by n. Given a morphism f : X → Y , we denote the derived functors of push-forward and pull-back functors by f * and f * , respectively. Similarly, the derived tensor product is denoted simply by ⊗. For two objects A and
. Given a scheme S, points of S always mean closed points. For a scheme S, and a vector bundle E over S, the projectivization of E is denoted P S (E).
Preliminaries
We recall here some basic definitions. The material below is taken from [3] . It is shown ( [3] , Lemma 3.1) that if a full triangulated category A ⊂ D is right admissible then every object X ∈ D fits into a distinguished triangle
with Y ∈ A and Z ∈ A ⊥ . One then says that there is a semiorthogonal decomposition of D into the subcategories (A ⊥ , A). More generally, assume given a sequence of full triangulated subcategories
Definition 2.4. An object E ∈ D is said to be exceptional if there is an isomorphism of graded k-algebras
Denote E 0 , . . . , E n ⊂ D the full triangulated subcategory generated by the objects E 0 , . . . , E n . One proves ( [3] , Theorem 3.2) that such a category is admissible. The collection (E 0 , . . . , E n ) in D is said to be complete if E 0 , . . . , E n ⊥ = 0, in other words D = E 0 , . . . , E n .
Definition 2.5. Let (E 0 , E 1 ) be an exceptional pair in D, i.e. an exceptional collection of two elements. The left mutation of (E 0 , E 1 ) is a pair (L E 0 E 1 , E 0 ), where the object L E 0 E 1 is defined to be a cone of the triangle
The right mutation is a pair (E 1 , R E 1 E 0 ), where R E 1 E 0 is defined to be a cone of the triangle (2.6)
More generally, if (E 0 , . . . , E n ) is an exceptional collection of arbitrary length in D then one can define left and right mutations of an object E ∈ D through the category E 0 , . . . , E n . Denote L E 0 ,...,En E and R E 0 ,...,En E left and right mutations of E through E 0 , . . . , E n , respectively. One proves ( [3] , Proposition 2.1) that mutations of an exceptional collection are exceptional collections.
Let (E 0 , . . . , E n ) be an exceptional collection in D. One can extend it to an infinite sequence of objects (E i ) of D, where i ∈ Z, defined inductively by putting (2.7)
Let X be a variety of dimension m, and ω X the canonical invertible sheaf on X.
of the helix if the infinite sequence (E i ), obtained from the collection (E 0 , . . . , E n ) as in (2.7), is a helix of period n + 1.
For a Fano variety X there is a criterion to establish whether a given exceptional collection
Theorem 2.1 (([3], Theorem 4.1)). Let X be a Fano variety, and
The following conditions are equivalent:
(2) The collection (E 0 , . . . , E n ) is a thread of the helix.
A theorem on semiorthogonal decompositions
The theorem below is a generalization of Orlov's theorem on semiorthogonal decompositions in the derived categories of projective bundles ( [17] , Theorem 2.6).
Theorem 3.1. Let π : X → S be a flat proper morphism between two smooth schemes X and S. Let E 1 , . . . , E n be a set of objects of D b (X) such that:
Put it simply, the above conditions say that for any s ∈ S the collection of objects
Then D b (X) has a semiorthogonal decomposition:
Proof.
. For each i = 1, . . . , n one has to show that
. By definition of the functors Φ i , the left-hand side of (3.2) is isomorphic to
3) follows from adjunction of the functors π * and π * , and projection formula. Let us show that π * Hom
To this end, consider the diagram (cartesian square):
Since the morphism π is flat, the base change holds ( [11] , Corollary 2.23):
. By assumption (ii) of the theorem, for any s ∈ S one has (3.6)
Further, one has a canonical morphism c :
Thus, by adjunction one arrives at a distinguished triangle:
Applying the functor i *
s to the triangle (3.8) and taking into account (3.6), and (3.7), one gets (3.9) i * s Cone(c) = 0 for any s ∈ S. Indeed, by flatness of π, the morphism i * s (c) :
, obtained from the triangle (3.8) , is the isomorphism in (3.6). Recall that the set Ω S = {O s : s ∈ S}, where s ranges over the set of all points in S, is a spanning class for
Taking F to be equal to Cone(c) in (3.10) and using (3.9), one gets Cone(c) = 0. Coming back to (3.8) one sees that π * Hom
Put
Proof. One has to make sure that the functors
where the last isomorphism in (3.11) follows from adjunction of the functors π * and π * , and of the functors ⊗ and Hom. Hence, a right adjoint functor Φ ! i to Φ i is isomorphic to π * Hom
One checks similarly that a left adjoint functor Φ i * to Φ i is isomorphic to π * Hom
, where ω X/S is the relative canonical invertible sheaf.
We can prove now Theorem 3.1. Let us verify first the semiorthogonality condition, i.e. that for any k, l, k > l one has (3.12) Hom
Indeed, by adjunction of the functors π * and π * this is equivalent to
Let s ∈ S be a point. Using once again the base change along the diagram, one gets:
By assumption (ii) of the theorem, the left-hand side of (3.14) is equal to zero. Therefore, for any s ∈ S one has:
As above one gets π * Hom
• X (E k , E l ) = 0, the set Ω S being a spanning class for D b (S). Hence, semiorthogonality is proven. To prove that the semiorthogonal collection of subcategories
sufficient to show that D 1 , . . . , D n contains all the objects O x , x ∈ X, the set Ω X = {O x : x ∈ X} being a spanning class for D b (X). Every point x ∈ X lies in the fiber X s = π −1 (s) for some s ∈ S.
By assumption (iii) of the theorem it follows that the sheaf O x belongs to the category generated by the objects E s i :
. . , D n for any x ∈ X, therefore this semiorthogonal collection contains the spanning class Ω X . This completes the proof.
An immediate corollary to Theorem 3.1 is a well-known fact: 
Complete exceptional collections on flag varieties
In this section we show that the derived categories of flag varieties of classical type are generated by complete exceptional collections. Proof. Recall first that the case of homogeneous spaces of the groups of type A n was treated by M. Kapranov ([9] , Theorem 3.10). We restrict ourselves, therefore, to the groups of types B n , C n , and D n . The proof is based on parabolic induction (e.g., [15] ), and we refer the reader to loc.cit. for details of this construction. Let us start with the symplectic group Sp 2n , which corresponds to the type C n , this case being the simplest. Fix a symplectic vector space V of dimension 2n, i.e. a space equipped with a non-degenerate skew form ω ∈ ∧ 2 V * . The homogeneous space, which corresponds to the leftmost node of the Dynkin diagram of C n , is isomorphic to P(V ) = P 2n−1 . Homogeneous spaces of the group Sp 2n are varieties of partial isotropic flags in V with respect to ω. The variety of complete isotropic flags IF V , which is isomorphic to Sp 2n /B, is equipped with a set of universal bundles U i , where i = 1, . . . , n, fitting into a sequence:
Here U ⊥ i is a vector bundle that is orthogonal to U i with respect to ω. 
Here the indices j k vary in the intervals J k : = {−2n + 2k < j k ≤ 0}, the ordering on the set of indices (j n−1 , . . . , j 0 ) being the product of linear orders on J k . Consider now the case of orthogonal groups which correspond to the types B n and D n . Fix an orthogonal vector space V of dimension equal to either 2n + 1 or 2n for the groups of types B n and D n , respectively. The vector space V is equipped with a non-degenerate symmetric form q ∈ S 2 V * . The homogeneous spaces, which correspond to the leftmost nodes of the Dynkin diagrams of B n and D n , are smooth quadrics in P(V ) of dimensions 2n − 1 and 2n − 2, respectively. The derived category of a quadric was studied in [9] . Recall its description: 
Here Σ − , Σ + are spinor bundles (they are isomorphic to each other if n is odd and the isomorphism class is denoted by Σ). The homogeneous spaces of orthogonal group of either type are varieties of partial isotropic flags in V with respect to q. We restrict ourselves to the case of the orthogonal group of type B n , the case of D n being similar. The variety of complete isotropic flags OF V , which is isomorphic to SO 2n+1 /B, is equipped with a set of universal bundles W i , where i = 1, . . . , n, fitting into a sequence:
Here W ⊥ i is a vector bundle that is orthogonal to W i with respect to q. An argument, which is analogous to that outlined for the group Sp 2n , shows that the flag variety OF V can be obtained as a successive iteration of smooth quadric fibrations over a smooth quadric Q 2n−1 ⊂ P(V ). Unfortunately, Theorem 3.1 cannot be applied directly to such fibrations, the reason being that spinor bundles are not globally defined in general. One could prove still that in our particular case of quadric fibrations spinor bundles do exist globally and then use Theorem 3.1. It makes little sense, however, since a general theorem on semiorthogonal decompositions for flat families of quadrics is now available ( [13] ). Recall briefly the setup of loc.cit. Let S be a smooth scheme (the base of a family), and let E be a vector bundle of rank n on S. Denote by O E (1) the Grothendieck invertible sheaf on P S (E). Fix a line bundle L on S, and let ϕ : S 2 E → L be a symmetric bilinear form on E that makes E into an orthogonal vector bundle. The form ϕ defines a section of the line bundle O E (2) ⊗ π * L on P S (E). Let X be the zero locus of this section, i the embedding X ֒→ P S (E), and p the composition morphism π • i : X → S. Finally, denote by O X/S (1) the line bundle i * O E (1). The projection p makes X into a quadric fibration over S. One checks, as in Theorem 3.1, that for k = 1, . . . , n − 2 the collection of admissible subcategories
semiorthogonal. The right orthogonal in D b (X) to this collection is described by 
where D b (S, B 0 ) is the derived category of coherent sheaves of B 0 -modules over S.
Here B 0 is the sheaf of even parts of Clifford algebras on S (loc.cit., Section 3.1). To complete our proof, we argue again by induction, the base of induction being the quadric Q 2n−1 . Indeed, for m ≤ n denote OF 1,2,...,m the partial flag variety of isotropic flags of type (1, 2, . . . , m) , the flag variety OF 1,2,...,n being isomorphic to OF V . Denote π m : OF 1,2,...,m+1 → 
Proof. It is known that for such a variety the cycle map cl X provides an isomorphism between Chow groups A * (X) and homology groups H * (X) ( [7] , Example 19.1.11). Thus, all cycles on X are algebraic and odd-dimensional integral cohomology groups of X are trivial. Considering exponential short exact sequence, one gets an exact sequence for Br ′ (X) ( [21] , Proposition 1.1):
where T is the torsion part of H 3 (X, Z), and A is the lattice of transcendental cycles, which is isomorphic to H 2 (X, Z)/NS(X), the factor group of H 2 (X, Z) by the Neron-Severi group. Given the above remarks, we get Br ′ (X) = 0.
By [8] , the Brauer group Br(X), which parametrizes equivalence classes of sheaves of Azumaya algebras on X, naturally injects into Br 
Homogeneous spaces of the symplectic groups of small ranks
In this section we study homogeneous spaces of Lie groups of type C n for n ≤ 4. The main result here is Theorem 5.1 where we find a complete exceptional collection in the derived category of a homogeneous space of the group Sp 6 . Theorems 5.1 and 3.1, and the main result of [19] , yield complete exceptional collections in the derived categories of all homogeneous spaces of the group Sp 6 . These results also make possible to find complete exceptional collections on some homogeneous spaces of Sp 8 .
Consider the group Sp 6 . Its Dynkin diagram is of type C 3 and there are a total of seven homogeneous spaces of Sp 6 . Fix a symplectic vector space V of dimension 6, and let ω be a non-degenerate skew form on V , ω ∈ ∧ 2 V * . Maximal parabolic subgroups of Sp 6 correspond to the nodes of the diagram C 3 . The homogeneous space, corresponding to the leftmost node is P 5 , and the homogeneous space, corresponding to the rightmost node is LG 3, 6 , the grassmannian of lagrangian subspaces in V . The category D b (LG 3,6 ) was described in [19] . Below we treat the case of homogeneous space, corresponding to the middle node of C 3 . This is the variety IGr 2,6 of two-dimensional isotropic subspaces in V with respect to ω. It is easy to see that IGr 2,6 is a smooth hyperplane section of the grassmannian Gr 2,6 . Indeed, Gr 2,6 is embedded in P(∧ 2 V * ) via Plücker embedding. The form ω defines a section s ω of the corresponding line bundle O(1) on Gr 2, 6 . The zero locus of s ω , that is a hyperplane section of Gr 2,6 with respect to the above embedding, is the locus of two-dimensional subspaces in V such that ω vanishes on these subspaces, that is IGr 2,6 . The dimension of IGr 2,6 is therefore equal to 7. Let IF 1,2,6 be the space of pairs (l ⊂ U ), where l and U are a one-dimensional and an isotropic two-dimensional vector subspaces in V , respectively. One has a diagram (with obvious projections): The projections p and q make IF 1,2,6 into a P 3 -bundle over P 5 and a P 1 -bundle over IGr 2,6 , respectively. More exactly, the P 3 -bundle over P 5 is the projectivization of the null-correlation bundle N ω of rank 4 that corresponds to the form ω ( [18] , §4). Recall that N ω fits into a short exact sequence of vector bundles on P 5 :
where T P 5 is the tangent bundle on P 5 , and the map p ω ∈ Hom
corresponds to the form ω. The P 1 -bundle over IGr 2, 6 is the projectivization of the universal bundle U of rank 2. From the above diagram one easily finds the rank of the Grothendieck group K 0 (IGr 2,6 ) to be equal to 12. Given such a diagram, it is natural to suppose that the direct images under the morphism q of appropriate line bundles on IF 1,2,6 may give a complete exceptional set on IGr 2,6 (cf. [19] ). This method works in this case indeed. 6 ) is generated by the exceptional collection:
Proof. One immediately verifies, using the Borel-Weil-Bott theorem, that the collection K is exceptional. We need to prove that K is complete, i.e. generates the derived category.
Let O U (−1) and O Nω (−1) be the Grothendieck invertible sheaves on P IGr 2,6 (U) and P P 5 (N ω ), respectively. Denote ω IF 1,2,6 the canonical line bundle on IF 1,2,6 . There are following relations between line bundles on IF 1,2,6 :
Let L i,j be the sheaf p * O P 5 (−i) ⊗ O Nω (−j). From the above relations one finds:
). There is a semiorthogonal decomposition in D b (IF 1,2,6 ) with respect to the projection p:
To prove the theorem we need to pick up a convenient complete exceptional collection in D b (IF 1,2,6 ). To this end, choose the following exceptional collections in D i for i = −3, . . . , 0: 
From (5.3) one sees that up to a shift all the sheaves of the collection K are contained in M. If the sets K and M consisted of the same elements this would prove the theorem. This is not the case, however, since two objects of M do not belong to K:
The invertible sheaves L 7,3 and L −1,0 are situated at the opposite ends of the collection L. We can mutate L 7,3 to the right through L. By Theorem 2.1, this mutation is given, up to a shift, by twisting the bundle L 7,3 by ω
= L −6,−4 . We obtain, therefore, the line bundle L 1,−1 . Such a mutation gives rise to a new thread of the helix generated by L. With respect to this thread the category D b (IF 1,2,6 ) has a semiorthogonal decomposition:
Assume that the collection K is not complete, i.e. there is a non-zero left orthogonal ⊥ K = 0. Let F be a non-zero object of ⊥ K. Then q * F belongs to the full subcategory L −1,0 , L 1,−1 . Indeed, for any exceptional generator M of the category L −1,0 , L 1,−1 ⊥ , one has:
since q * M belongs to K by the very construction. Hence, there is a distinguished triangle:
Applying the functor q * to the triangle (5.10), one gets:
Since Hom
• IGr 2,6 (U * , O IGr 2,6 ) = 0, the triangle (5.11) splits and one has an isomorphism:
The graded vector space V 1,−1 is forced to be zero, since F ∈ ⊥ K and Hom
. Taking Hom-s between F and various shifts of the bundle U(−4), and using the orthogonality condition, one sees that the graded vector space V · −1,0 is zero as well. Hence, F is zero. This finishes the proof.
It follows easily now that the derived category of any homogeneous space for Sp 6 is generated by an exceptional collection. Indeed, such a homogeneous space is a variety of partial isotropic flags in V , and is obtained by giving an ordered subset S of the ordered set (1, 2, 3 ). Denote this variety IF S . The derived categories of IF i for i = 1, 2, 3, by [1] , [19] , and Theorem 5.1 are generated by exceptional collections. Any other homogeneous space IF S is mapped onto one of IF i for i = 1, 2, 3, and it is easy to see that IF S is either a P 1 -bundle over IF i for some i, or a P 2 -bundle over IF 3 , or a two-step iteration of P k -bundles for k = 1 and 2 (the last case corresponds to the flag variety for Sp 6 ). Therefore, applying either Orlov's theorem ( [17] ) or Theorem 3.1, and the above arguments one gets complete exceptional collections in the derived categories of homogeneous spaces of the group Sp 6 .
Arguing as above, we also obtain that the derived categories of some homogeneous spaces of Sp 8 are also generated by exceptional collections. Indeed, such a homogeneous space is a variety of partial isotropic flags in a symplectic vector space W of dimension 8, and is obtained by giving an ordered subset S of the ordered set Remark 5.1. For symplectic groups of arbitrary ranks the above arguments give that the study of derived categories of homogeneous spaces of these groups can be reduced, in a way, to that of homogeneous spaces corresponding to maximal parabolic subgroups. Indeed, if P ⊂ P m are two parabolic subgroups of Sp 2n , and P m is maximal parabolic, then the parabolic induction permits to map a homogeneous space Sp 2n /P onto Sp 2n /P m with fibers being homogeneous spaces of either symplectic or linear groups of smaller rank. Thus, if one knows the derived categories of homogeneous spaces of groups of smaller rank and those of homogeneous spaces that correspond to maximal parabolic subgroups of Sp 2n then Theorem 3.1 furnishes semiorthogonal decompositions in the derived categories D b (Sp 2n /P). The same argument is valid for homogeneous spaces of orthogonal groups. Finally, let us remark that the construction of exceptional collections outlined in the proof of Theorem 5.1 may be extended to a larger class of homogeneous spaces. Details of the computations will be given elsewhere.
